NEW EXTENSIONS FOR A THEOREM BY MOCANU 



HITOSHI SHIRAISHI AND SHIGEYOSHI OWA 



Abstract. For analytic functions /(z) in the open unit disk U with /(0) = 
/'(0) - 1 = /"(0) = 0, P. T. Mocanu (Mathematica (Cluj), 42(2000)) has 
considered some sufficient arguments of /'(z)+z/"(z) for | arg(z/'(z)//(z))| < 
nfi/2. The object of the present paper is to discuss those probrems for /(z) 
with /"(0) = /'"(0) = . . . = / (n) (0) = and /< n+1 )(0) ^ 0. 



1. Introduction 

Let A n denote the class of functions 

f(z) = z + a n+1 z n+1 + a n+2 z n + 2 + ... (n = 1, 2, 3, . . .) 

that are analytic in the open unit disk U={zgC:|z|<1} and A = A\. 
Also, let %[l,n] denote the class of functions f{z) of the form 



!{z) = l + Y,a k z k (n = 1,2,3,...) 

k—n 



which are analytic in U. 

Further, let the class STS{ijl) of f(z) G A n be defined by 

'*/'(*) 



STSUi) = f(z) g A 



arg 



< < /i ^ 1 



/(*) 

and iS* = STS(1). This class STS(n) was considered by Shiraishi and Owa [4]. 

Let f(z) and 3(0) be analytic in U. Then f(z) is said to be subordinate to g{z) if 
there exists an analytic function w(z) in U satisfying w(0) = 0, |w(z)| < 1 (z G U) 
and f(z) = g{w(z)). We denote this subordination by 

f(z) < g(z) (z G U). 



2. Lemmas 



We need the following lemmas to consider our main results. 

Lemma 1. Let n be a positive integer, A > 0, and let /3o = /?o(A, n) be the root 
of the equation 

3 

/3tt = -7r — arctan(nA/3). 
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In addition, let 

2 

a = a{j3, X,n) = f3 H — arctan(nA/3) 

7T 



for0<l3^/3 . 

If p(z) G H[l,n] anc 



then 



1 + 



p(*0 -< ( — ) (* g u). 



Lemma 2. Lei g(z) oe i/ie convex function in U, wra£/i q(0) = 1 and Re(g(z)) > 
/or U. Lei i/ie function h(z) be given by 

h{z) = (q(z)f + nzq'(z) (z E U). 

If p(z) S H[l,n] and 

(p(z)) 2 + zp'(z) -< /i(z) (zeU), 
i/ien -< g(z) and i/iis is sharp. 



The above lemmas were given by Mocanu [3J. 
Applying Lemma we obtain the following lemma. 



Lemma 3. If p(z) € H[l,n] satisfies 

\a,vg((p(z)) 2 + zp'(z))\<4>(n) (zeV) 

for 

<PW = 2 O + 1) - arctan 



and < /i ^ 1, i/ien 



sin i£ZL _i_ _™Z£_ [ W£ 



|arg(p(z))| < (*GU). 



Proof. Let us dehne the function g(z) by 



1 



g(z) = j^— j (z £ U) (1) 

for < fi ^ 1 and the function h(z) by 

h(z) = (q(z)) 2 +nzq'{z) (z £ U). 

Then the function g(z) is convex in U with Re(g(z)) > 0, h(z) is univalent in U 
and h(V) is the symmetric domain with respect to the real axis. 

9 ix - 1 

If we set z = exp(i#), ^ 9 < it and x = cot -, then x ^ 0, z = and 

2 ix + 1 

g(z) = (ix)^ . Hence 

^(e 19 ) = {i x y- l H{x), 
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where 



71 

h{x) = {i X y +1 - -/i(i + x 2 ). 



Noting that cos = — sin — and sin = cos — , we see that 

5 2 2 2 2 ' 



where 

Let 
and 



H(x)=P(x)+iQ(x), 



P(x) = - sin - + x 2 ) 

Q(x) = cos^-x^ 1 . 



ip(fj-) = min{arg(iJ(a;)) : x ^ 0} 



^( M ) = ^( M ) + |(M-1). (2) 



From ((TJ) we deduce 

arg(/i(e je )) ^ 4>{n). 

Since 

G(x) = Q'(a:)P(x) - P'(x)Q(x) = |/icos - /i)x 2 - (1 + //)) = 

f 1 — u\ ^ 
has the root xq = and 



1 + 

QOo) 



we deduce 



Hence 



P(xo) /i 

SU1 2 1- M I 1+ M 



COS^ 



2 

J r 

/^7T i n^t / 1 — [i 



ip([i)=TT- arctan ■ — — . (3) 

sin 1 



2 1 \1+/J, 



\ a rg(h(e i0 ))\ ^<j>(fi) (-7T<9<7r) 

where (f){y) is given by (0) and ([3]). 
From the assumption, 

(p(z)) 2 + zp'(z) ~< h(z) (zeV). 

Hence by Lemma [5] we deduce p(z) -< q(z). 
So, we obtain 

|arg(p(«))| < |/i (zeU). 



□ 



4 



HITOSHI SHIRAISHI AND SHIGEYOSHI OWA 



3. Main results 

Using Lemma Q] and Lemma [31 we get the following result. 

Theorem 1. If f(z) £ A n satisfies 

arg(/'(z) + z/"(z))| <|a (z £ U) 

/or 

2 

a = /3 H — arctan(n/3), 

7T 

2 

/? = 7 H — arctan(n7), 

7T 

|( a + 7 )^0( M ) 

and 



7T . , cos 



= — (/i + 1) — arctan 



1 1 71 



sin M. + JML. i_i£ 
2 1— ju I 



with some real a, 7 > and < /z ^ 1, f/iera /(z) G STS(fi). 



Proof. By using Lemma [T] with A = 1 we deduce 

|arg(/'(z))| <|/3 (zgU). 

with 

2 

a = /3 H — arctan(n/3). 
Using again Lemma [TJ we get 



arg 



/(*) 



< f 7 G U), 



z 

where 7 is the solution of the equation 

2 

/3 = 7 H — arctan(n7). 

7T 

z/'(z) 

If we set p(z) — — -—— and P(z) — , then we have p(z) g and 

f(z) + zf"{z) = P(z)((p(z)) 2 + zp'(z)) (z G U), 

where 



|arg(P(z))| < | 7 (zGU). 



It follows that 



I arg((p(z)) 2 + zp'(z))| ^ I arg(/' (z) + zf"(z))\ + | arg(P(z))| < \(a + 7 ). 

For the condition of (j)(p), we deduce that 

arg((p(z)) 2 + zp'(z))| < (zGU) 
implies by means of Lemma [3] 

|arg(p(z))| < |p (zgU). 
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We consider an example for Theorem [TJ 



Example 1. Let us consider the function 
with < a ^ 1. If we put 



f(z) = z + sin — z n+1 



- arcsm 
7r (n + 1)- 5 



(z e U) 
n(n + 1) sin ^ 



the function /(z) satisfies the condition of Theorem [TJ 
Because differentiating the function f(z), we obtain 

zf'(z) _(n + l)(n + 1 + sin ^z") 



and therefore, 



arg 



/(*) 



*£(*) 



(n + l) 2 + sin^z r ' 
n 

hi -crra 



1 



(z e u) 



< arcsm • 



^ (»+i) 2 " 
n(n+ l)sin2S 



(n + l) s 



sm 



2 7ra 



(z G U). 



If we fix one of the values for a, /? or 7 in Theorem [TJ then we can obtain others. 
For example, if we put n = 2, a = 1 and fx = — , then we get /3 = — , 7 = 0.227 . . . 
and the following result due to Mocanu [3]. 



Corollary 1. If f(z) 6 A2 satisfies 

Re(/'(z) + z/"(z)) >0 (zeU), 

fzf(z)\ 7T 



Moreover, putting n = 2, a = — and fi = 1, we have Corollary [2] given by 
Mocanu [3J. 



Corollary 2. J/ /(z) G A2 satisfies 

arg(f(z) + z/"(z))|<^ (zeU), 

Ke(^)>0 (zeU). 

Futhcrmore, putting n = 1, we derive Corollary [3] and Corollary [T] which were 
showed by Mocanu [2]. 
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Corollary 3. If f(z) 6 A satisfies 

Re(/'(z) + zf"(z)) > (z G U), 



arg 



zf'jz) 

m 



<- (ZGU). 



Corollary 4. If f(z) 6 .4 satisfie 



then 



\ a vg(f'(z)+zf"(z))\<-7t (zGU), 



Rr(C^I>0 (zeU). 



/(*) 



4. Integral version of the results 



Let us define the function 



F(z) = f 
Jo 



Z f(t) 



dt (z G U) 



for /(z) G An- This integral operator F(z) is given by Alexander [T] and is said to 
be Alexander integral operator. 

For this Alexander integral operator for /(z), we derive 



Theorem 2. If f(z) G -4„ satisfies 

|arg(/'(z))|<|a (z G U) 

/or 

2 

a = j3 H — arctan(n/3), 
2 

/? = 7 H — arctan(n7), 

7T 

|( a + 7 )^0( M ) 

and 

, . 7T . , COS^f 

<PW = 2 (M + 1) - arctan 

sinf + ^(^) 2 

wt/j some real a, 7 > and < ji ^ 1, £/ien i/ie Alexander integral operator F(z) 
of f(z) belongs to the class STS(p). 

The proof of Theorem [5] follows by replacing /(z) with F(z) in Theorem [TJ 
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